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SINGULARITIES OF THE LAGRANGIAN MEAN CURVATURE 

FLOW 

ANDREW A COOPER 


Abstract. In this paper we investigate the singularities of Lagrangian mean 
curvature flows in C m by means of smooth singularity models. Type I singu¬ 
larities can only occur at certain times determined by invariants in the coho¬ 
mology of the initial data. In the type II case, these smooth singularity models 
are asymptotic to special Lagrangian cones; hence all type II singularities are 
modeled by unions of special Lagrangian cones. 


1. Introduction 

Mean curvature flow, the downward gradient flow for the area functional on 
submanifolds, has been extensively studied in codimension one. Mean curvature 
flow of Lagrangian submanifolds in Kahler-Einstein manifolds is among simplest 
settings for high-codimension mean curvature flow. In case the ambient manifold is 
C m , compact flows must become singular in finite time. Conjectures of Thomas-Yau 
and Wang (see the article by Joyce m for a thorough discussion) relate Lagrangian 
mean curvature flow to the structure of Hamiltonian isotopy classes of Calabi-Yau 
manifolds. Neves jlS] and Wolfson ,[231 have shown that Lagrangian mean curvature 
flow singularities can be expected to interfere with this approach, even generically. 
Thus singularity analysis for Lagrangian mean curvature flow is required. 

In this paper we prove that mild, scale-respecting singularities (so-called type I) 
can only occur at certain times depending only on the Lagrangian invariants of the 
initial data, and that all other singularities are modeled by (collections of) special 
Lagrangian cones. The latter result supports Joyce’s conjectured resolution of 
the Thomas-Yau-Wang conjectures by Lagrangian mean curvature flow with conic 
singularities, and may also enable Lagrangian mean curvature flow with surgery. 
Progress toward flow with isolated conic singularities has been made by Behrndt [2|, 
under the assumption that the cones are stable special Lagrangian. Begley-Moore 
[T| have shown that Lagrangians with a finite number of cone singularities, each 
modeled on a pair of transversally intersecting Lagrangian planes, can be taken as 
initial data for a smooth Lagrangian flow. 

1.1. Summary of Results. The central observation of this paper is: 

Theorem A. Let E (t) be a Lagrangian mean curvature flow defined on a maximal 
interval [0,T), T < oo. There exists a smooth model of the singularity at time T 
which is: 
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(1) in the type I case, a monotone Lagrangian. 

(2) in the type II case, an exact, zero-Maslov Lagrangian. 

Moreover the 1-cycles which survive to this smooth singularity model are predicted 
by the Liouville and Maslov classes of the initial data E(0). 

From Theorem A, we get the following two important corollaries regarding type 
II singularities of the Lagrangian mean curvature flow. 

Theorem B. Any type II singularity of Lagrangian mean curvature flow is modeled 
by a union of special Lagrangian cones. 

Theorem B’. Any type II singularity of mean curvature flow starting from an 
almost-calibrated zero-Maslov Lagrangian is modeled by a smooth special Lagrangian. 

Any type II singularity of mean curvature flow starting from a monotone La¬ 
grangian surface is modeled by a smooth special Lagrangian. 

We can also use our smooth singularity models to understand something about 
the type I case. 

Theorem C. Let E be a compact Lagrangian submanifold of C m . If mean curva¬ 
ture flow starting from E has singular time T, and the singularity is of type I, then 
T has the form where [A] and [h] are the Liouville and Maslov classes ofT,, 
and 7 is some cycle in E. 


1.2. Previous work. Previously, Chen-Li, Neves and Groh-Schwarz-Smoczyk-Zehmisch 
investigated the nature of singularities of Lagrangian mean curvature flows in C m 
in case the initial data are zero-Maslov or monotone LQ [H] 116j ■ As we will see 
in Theorem A, these two cases essentially capture the singular behavior of general 
Lagrangian mean curvature flows. 


Theorem 1 fll4|b The tangent flow to a zero-Maslov Lagrangian mean curvature 
flow is a collection of minimal cones. Moreover, the convergence of the tangent 
flow rescaling sequence respects the Lagrangian angle: each minimal cone /Uk has 
an associated fteR so that for any 4> £ C^°(C m ) and any f £ C^pR), 

N r 


( 1 ) 


Y.mwMm) = lim / 
S[ 3 


In case the initial data are almost-calibrated, N = 1. 


Theorem 2 fllOj. j!61). Suppose L : E x [0,1) -> C m is a compact Lagrangian 
mean curvature flow whose initial data are monotone, i.e. [A(0)] = C[h( 0)]. If 
T < then the tangent flow to L is a collection of minimal cones. Moreover, 
the convergence respects the Lagrangian angle. 

In the case m = 2, N = 1. 


Theorem [9] shows that in the cases above, the singularity must have been of type 
II. 


1.3. Plan of the Paper. In Section 2 we introduce the basics of the Lagrangian 
mean curvature flow, including the evolution of Lagrangian invariants and singu¬ 
larity analysis via rescaling. 

In Section 3 we prove Theorem A. In Section 4 we prove a “maximum principle” 
for ^-valued functions satisfying the heat equation. In Section 5, we apply this 
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maximum principle to show that singularities which are modeled by zero-Maslov 
smooth blow-ups admit minimal-cone singularity models, which implies theorem 
B. In Sections 6 , we prove Theorem C. In Section 7 we consider the situations in 
Theorems [T] and [2] in which the tangent flow has a single Lagrangian angle and prove 
Theorem B’. In section 8 , we outline some questions for future work independent 
of the Thomas-Yau conjecture. 


2. Preliminaries 

2.1. Lagrangian geometry along the flow. 

Definition 1. A Liouville form for the Kahler manifold (X, uj, J) is any one-form 
77 on X with dp = 2 u>. We call A = L*t 7 the Liouville form of L. 

Note that if L : E —> X is a Lagrangian submanifold, then A = L*p is closed, 
since L*co = 0. 

Definition 2. The Maslov form h is the one-form dual, with respect to w, to the 
mean curvature vector H = UVj, that is, h = L*(H_\uj). 

When (X, w, J) is Kahler-Einstein, by Codazzi’s equation and the contracted 
Bianchi identity, we have that V iHj = V j Hi, hence h is closed. 

The following lemma allows us to consider Lagrangian mean curvature flow. 

Lemma 3. Mean curvature flow preserves the Lagrangian condition in a Kahler- 
Einstein manifold, i. e. if the initial submanifold Lq is Lagrangian, so is each time 
slice L t . 

Proof. The Lagrangian condition is L*u> = 0. We compute 
j f ■L *oj = L*(C h oj) 

( 2 ) = L*d{Hju) + L*{Hjdu) 

= dh + L*(H_,du>) 

Both terms are zero, since dh = 0 and doj = 0. □ 

Lemma 4 ([7], [13] j. If L : E —> (X, w, J) is a Lagrangian submanifold of a Calabi- 
Yau manifold, then there is a smooth function f : E — > S 1 , called the Lagrangian 
angle, with h = d/3. 

Remark 1. The Lagrangian angle can be defined by the relation 

(3) L*K(fi) = e i/3 dvol 

where H is the unit holomorphic (m, 0) form of the manifold (X, ui , J) and dvol is 
the volume element of (E,g). 

Definition 3. The class [A] £ K 1 (S) is called the period or Liouville class of the 
immersion L. [h] £ R 1 (E) is the Maslov class of the immersion L. 

If [h] = 0, or equivalently if f is a real-valued function, we say L has zero Maslov 
class. 

If [A] = 0, or equivalently if A = df for some smooth real-valued we say L is 
exact. 
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Remark 2. If X = C m , for any xo = (po,< 7 q, • • • tPoN® o’ - ) e C m , we can take a 
Liouville form on C m to be 

m 

(4) Vx 0 = J2{P 1 ~ P l o)dq l - ( q 1 - go)dp l 

i=l 

This choice of 77 above shows that A is the one-form dual to the vector L*(—J{x — 
To)- 1 ), where (x — Xq) 1 - is the projection of the position vector x — Xq to the normal 
bundle of L. 


Remark 3. Suppose IT 1 (X) = 0. If 771 and 772 are two different Liouville forms on 
(X,ur, J) inducing Ai and A 2 on £, then d(rji — 772 ) = u — u = 0, so 771 — 772 = df 
for some function /. 



Therefore [A] G R 1 (S) is independent of the choice of 77 . In particular, this is true 
when J) is the standard C m . 


We will use the Maslov class and period to study the singularities of the flow. 
We begin by recalling the following computations of Smoczyk [21] : 

Lemma 5 ([21)). The Maslov form and Liouville form evolve according to 

d 

—h = dd*h 

( 6 ) 

-^A = dd *A - 2 h 
dt 

where d* is the negative adjoint to d. In particular, 


(7) 


a 


= -w 

We will also use the scaling properties of A and h: 

Lemma 6. Let L : £ —> ( X,u>,J) be a Lagrangian submanifold and L : E —> 
(X, a 2 oj, J) be its a-rescale. Then A = a 2 A and h = h, where A and h are the 
Liouville and Maslov forms of L. 


Proof. If 77 is a Liouville form for (X, oj, J), then a 2 ri is a Liouville form for (X, a 2 oj, J). 
So 

(8) A = L*(a 2 rj) = a 2 L*r] = a 2 A 

To see how h scales, note hijk = —a 2 oj(Dg i dj, dk) = a 2 hijk ■ Then 
h = Hidx 1 = g^hijkdx 1 

= a~ 2 gi k a 2 hijkdx l = g^hijkdx 1 = Hidx 1 = h 

□ 


Note that from Lemma [G] it follows that the Lagrangian angle /? is scale-invariant 
and the primitive <j> of the Liouville form has scaling degree 2, since the d operator 
is scale-invariant. 
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2.2. Rescaling Procedures. The results and constructions in this section apply 
to mean curvature flow in general codimension in Euclidean space. For our pur¬ 
poses, we are concerned with Lagrangian mean curvature flow in C m . 

2.2.1. The Tangent Flow. 

Definition 4. If £(t) has a singularity at time T and xo £ C m , and given a.j —> oo. 
The tangent flow of £(f) is the limit £oo(t) of the sequence of rescalings 

(10) £j(f) = a 3 (£(T + a~ 2 t) - x 0 ) 

where the limit is in the sense of Brakke flows, i.e. one-parameter families of varifolds 
moving by their mean curvature. 

Here the scaling sequence ay is arbitrary; of most interest to us will be the 

_ 1 

choices, if tj -A T, a 3 = (T — tj ) 2 and a 3 = sup|II|. 

t<tj 

Theorem 7 (Huisken). Every tangent flow is a self-shrinker, i.e. 

(11) £°°(f) = ^£°°(-l) 

2.2.2. The Smooth Blow Up. 

Theorem 8 . For any compact mean curvature flow L : £ x [0, T) —» C m , there is 
a sequence of rescalings Lj(t ) which converge, in C k for any k, on compact subsets 
of space and time to some smooth mean curvature flow 

Loo(t) : Tioo x (—oo, C) -A- C m 

where C = sup|II| 2 (T — t). 

This Loo has achieves its space-time maximum of |II | 2 at the origin in C m and 
time 0 . 

Remark 4. The proof of Theorem [SJ including the point-picking in the type II 
case, is quite standard. We sketch it here for completeness. A very clear exposition 
of the choices involved can be found in Chapter 8 of [1]. 

Proof. Since we know that sup|II(p, t)\ = oo, we can select a sequence of points 
( Pj,tj ) with tj -A T and Qj := \ll(pj,tj)\ = max t < t JII|. Moreover, in the 
type II case, we can select such a sequence with the property that Q 2 (T — tj) = 
sup t < t .|//(p,t)| 2 (T-f). 

We define, for a such sequence of space-time points ( Pj,tj ) along which |II| is 
blowing up, rescalings 

( 12 ) L 3 (t) = Qj ( L(tj + Qj t) — Xj ) 
where Xj = L(tj,pj). 

This construction guarantees that each rescaled Lagrangian Lj has its second 
fundamental form |IIy(-, t)| bounded by 1 for t < 0; in fact that |IIy| is bounded on 
compact subsets of [— Q 2 T, Q 2 {T — tj)). The mean curvature flow equation allows 
us to conclude that the covariant derivatives of each llj are bounded on the same 
set. Thus the £y converge geometrically to some Loo '■ ^oo x (—oo, C) -A- C m , where 
C = limsupQ 2 (T — tj). □ 

Definition 5. We will refer to Loo(t) as the smooth blow-up of the singularity. 
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Remark 5. The domain manifold Eoo of the smooth blow-up will in general be 
different from the original domain manifold E; in particular it may be noncompact. 

Theorem 9. If the singularity of L : E x [0, T) — » C m is of type I, then the smooth 
blow-up Lao '■ Soo x (—oo,C) — > C m is a smooth self-shrinker with singularity at 

(. Xqo ,C), where C = lim sup Q? (T — tj). 

j 

Remark 6. The proof of Theorem[9]is largely the same as the proof of Theorem[7J 
with the type I hypothesis supplying the necessary control on the Huisken functional 

0. 

Since the proofs are so similar and the proof of Theorem [7] is easily found else¬ 
where, we omit them. The proof of Theorem [TO] below is very much in the same 
vein. 


2.2.3. Blowing down the smooth blow-up. To obtain the smooth blow-up, we must 
rescale both at a different space-time center and by a larger factor than in the 
tangent flow. In this section we will show that, in fact, the smooth blow-up of a 
type II singularity can be “blown down” to recover a singularity model very similar 
to the tangent flow construction. 

Definition 6. If E(£), t £ [0,T) is a mean curvature flow with singularity at time 
T and E oc (t) is a smooth blowup, and ej —> 0, the blow-down of E^ is the limit 
E“ of the rescalings 

Woo = (eft) 

If we pick ej by tf = Qj{T — tj)? then we call the corresponding E“ a recovery 
blow-down. 


Remark 7. Since the original singularity is of type II, ej 0 and ef — > oo, so the 
blow-down captures the behavior of Eoo at infinite backward time; it is a backward 
limit. We will argue below that in fact E^ captures the singular behavior of the 
original flow E(t) in some sense. 

In the type I case, when E oc (£) develops a singularity dX x £ C m at time C < oo, 
we rescale about (x, C ) by any sequence Cj —> 0. 

Theorem 10. The blow-down E“ of the smooth blow-up of a compact mean cur¬ 
vature flow is a self-shrinker. 


The proof of Theorem [TU] is essentially standard, using the Huisken functional 


0(*o ,T)(t) = / ( 47r ( T - t)) 2 exp - 


(13) 


/E(t) 


F - ^or 

4(T - t) 


d n r 


/E(t) 


9{x 0 ,t) (x,t.)dH’ 


which evolves along the mean curvature flow by 


(14) 


d_ 

dt 


O(x 0 ,T)(t) ~ - [ 

J E( 


r 

( X-Xof 

j?(t) 

to 

1 


9(x 0 ,T)(x,t) d n r 


and hence is monotone along the flow. We define 0(xo ,T) to be lim 0( xo ,T)(i)- 
We will also need the corresponding entropy functional, which is also monotone 
along the flow [5] : 


(15) 


A (t) = sup 0( XOi T) (t) 
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where the supremum is taken over all xq £ C m and all T > t. We define 
A(T) = lim A (t). 

t^T 

It follows directly from the scale-invariance of 0( Xo ,T) under parabolic rescaling 
about ( Xo,T ) that 

Proposition 11. The entropy A oc (t) of L^t) is bounded by A(T). 

In particular, the Huisken’s functional 

(16) 0°°(t)= [ 0 ( o,o) (*,t)d n m 

•ISoo(t) 

is finite and uniformly bounded for all t < 0 . 


Proof of Theorem 1 1 (A For compact K C C m and a < b < 0, we consider 




H ~ 


(17) 


r s 

Jej 2 a J E 


U 00 (t)n£ 3 if 


2 1 


H 2 1 


d(op)(x, t ) d TL m dt 


0(o,o) ( x > t) dP m dt 


< 0 oo (e-'a)-0 oo (e-"6) 


which goes to 0 as j —>■ oo. Thus the quantity 
which forces L^(t) to be a self-shrinking flow, i.e. 

( 18 ) £“(*) = y/^tUZi- 1 ) 


it a: 
** 2 1 


vanishes in the limit, 


□ 


3. Type-II SBUs are Exact and Zero-Maslov 

In this section we investigate the behavior of the classes [A] and [h] under the 
smooth blow-up procedure. To this end, suppose 7 oo is a 1-cycle in Eoo. Since 7 oo 
is compact, by geometric convergence there is a corresponding 7 ^ in E j = E for 
large enough j. We have: 


(19) 

Aoo(i)-7oo =limAj(t). 7 j 
j 

( 20 ) 

hoc (t) .700 = lim hj (t) . 7 j 

3 

where 


( 21 ) 

^j(f) = (Lj(t)) X Xj 


Moreover, by geometric convergence the 7 j are homologous for large enough j. 
So there is some 1-cycle 7 C E with 


(22) 

Aoo(I)-7oo = lim Aj(t )-7 
j 

(23) 

hoo(t)-joo = 

j 
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A simple computation shows that 

(24) Aj(i)/y = Q 2 A (tj + Q~ 2 t) .7 

(25) 7 = h (tj + Q~ 2 t) .7 

We will combine these rescalings with the evolution equations (J6J, to obtain the 
following theorem: 

Theorem A. Let Too : £00 x (—00, 00) —> C m be the smooth blow-up of a compact 
Lagrangian mean curvature flow L:Ex[0,T)-> C m . Writing h, A for the Maslov 
and Liouville forms of L and hoo, Aoo for the Maslov and Liouville forms of Loo, 
we have: 

(1) If the singularity is type I, then [A 00 (t)] = 2 (C — t)[/ioo]> where C = 
limsup^ Q 2 (T — tj). Any cycle 7 C £ for which [7] survives to a class 
[700] G i?i(Soo;R) has A(0)/y = 2C7 i( 0).7- 

(2) If the singularity is type II, then [Aoo] = 0 and [hoc] = 0. Moreover, any 
cycle 7 C £ for which [7] survives to a class [700] G A/i(£oo; R) has A.7 = 0 
and h .7 = 0. 

Remark 8 . Actually the first clause follows from Theorem [9] since in the type I 
case, the SBU is a self-shrinker, so we have Aoo if) = 2 (C — t)hoo{t) as forms, not 
merely at the level of cohomology. 

Proof. If 700 is a 1-cycle in £00 coming from 7 C £, we have 
Aoo(t)-7oo = limQjA (tj + Q~ 2 t) .7 

(26) = lim (Q 2 [A(0)-7 - 2 (tj + Qj 2 t ) h( 0)/y]) 

= lim (Q 2 [A(0)-7 - 2tjh(Q).'f\) - 2th(ti).'y 

To make the left-hand side of (12611 finite, it must be the case that 

(27) lim [A(0)-7 - 2t,A(0).7] = 0 

3 

i.e., that 

(28) A(0)-7 = 2T/i( 0)-7 
so that 7 G ker [A(0) — 2Th(0)\. We continue (l26l) : 

(29) Aoo(t)-7oo = lim2 Q 2 ( T - tj) h( 0)/y - 2th(0).j 

Again, for this limit to be finite, we must have either that lim^ Q 2 (T — tj) is 
finite, i.e. the singularity is type I, or that h( 0)-7 = 0. 

In the former case, the computations (12611 and (1291) give the first clause of The¬ 
orem A. 

Similarly in the latter case, h(0)."f = 0 gives A 00 (t).7 00 = 0 by (1^1) . Since the 
Maslov class is scale-invariant, h(0)-7 = 0 implies hoo(t)-7oo =0. □ 


SINGULARITIES OF THE LAGRANGIAN MEAN CURVATURE FLOW 


9 


4. A Uniform Bound for the Lagrangian Angle 

Theorem A shows that, for any singularity which occurs at a cohomologically- 
incorrect time, the Lagrangian angle /3 lifts to a real-valued function near the sin¬ 
gularity. We would like to show that this real-valued lift is uniformly bounded. 

In this section, we prove a kind of maximum principle for circle-valued functions 
on a closed manifold which satisfy the time-dependent heat equation. 

First notice that while the notions of “maximum” and “minimum” do not make 
sense for a circle-valued function, the notion of oscillation does. Given a circle¬ 
valued function f3 : E —> S 1 on a closed manifold, by elementary homotopy theory 
there is a lift /? : E —> R, where E is the universal cover of E. 

Definition 7. Let D be a fundamental domain in E and (3 be a lift of f3. The 
oscillation of (3 is 

(30) osc B = osc B = max B — min B 

D D D 

Proposition 12. osc/3 is well-defined independent of choice of lift. 

Proof. If /3i and fa are two lifts of /, then we have for each = e ^ 2 (» _ 

f3(n(x)). So = 1, so fa — f3\ is a continuous lift of the constant function 1. 

The only such lifts are multiples of 27 t. Therefore /?2 = /3i + 2fc7r for some k. Then 

(31) max /3o — min do = max Bi + 2fc7r — min B\ — 2k.Tr = max Bi — min /?i 

D D D D D D 

□ 


Remark 9. We also note that osc/3 is independent of the choice of fundamental 
domian D. 

Theorem 13 (d-Maximum Principle). Suppose jB : E —» S ' 1 satisfies the time- 
dependent heat equation — A)/3 = 0. Then osc (3(t) is bounded independent of 
time. 


The idea of the proof is to compare the function /3 to a harmonic function in the 
same topological class. 


Proof. Let ?/(<) be the harmonic representative of the class [d/3] with respect to the 
metric at time t. Then 77 — d/3 = df for some function /. Now 


(32) = _ <d*d + dd*)p - d^-(3 + (d*d + dd*)d/3 

ot ot 

d 7 (. d \ d 

= a’ , -' i ( , 5- A)f, ) = ar ? 


since /3 solves the heat equation. 

As above, 77 = dh for some S^-valued function h, which we can take to be 
harmonic at each time. We have 


d_ 

dt 



(33) 
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So by the ordinary scalar maximum principle with reaction term, for each x € E 
we have 

(34) f(x,t) < max/(0) + J h(x,r)dr 

Lifting to the fundamental domain, we have 

(35) f(x, t) < max /(0) + h(x, t) — ft(:r, 0) 
so that 

(36) 

and similarly 

(37) 
so that 

(38) osc f(t) < osc/(0) + osc h(t) — oscft(O) < osc/(0) + oscft(f) 

So we have, using the definition of /, 

(39) osc /3(f) < osc ft(t) + osc f(t) < osc /(0) + 2 osc ft(t) 

Now we want to give a bound for osc h(t). 

Lemma 14. osc ft(t) is bounded topologically, i.e. in terms of [ft] £ iL 1 (S). 

Proof. If D is a fundamental domain of the universal cover of E, with dD having 
faces Fi,...F 2p , we can choose [71 ],..., [y p ] generating m(M) so that the deck 
transformation 7/ corresponding to [7*,] takes F 2 k -1 to F 2 k■ We dehne gk : dD —> 
[0,1] as follows, gk = 0 on F 2 k -1 and gk = 1 on F 2 k . On other faces, define gk so 
that gk\F 2j °Tj = gk\F 2j . 1 - 

Let hk be the harmonic function on D which solves the Dirichlet problem hk\dD = 
gk■ Since each hk is harmonic, we have osc d hk = osc dD^k — 1- Moreover, by 
construction hk actually defines a circle-valued function on E. So we can consider 
[dhk] € H 1 ( E;R). Under the homomorphism 

(40) tti(E) JLi(E; Z) 7Li(E;R) S ^(EjR) 

(where the first map is the abelianization map, the second is tensor product with 
R, and the last is the Poincare duality isomorphism), we have that [7*] 1 —> [dhk]- 
So the [dhk] span H 1 ( E;R). 

We can therefore write [d/3] = [dh] = a k[dhk], and since the forms dh , dhk are 
harmonic, the Hodge theorem gives dh = Yl, a k dhk■ Up to addition of a constant, 
therefore, we have h = ^2 k oikhk- On the other hand, each hk has oscillation 1, so 
osc h < Yjk\ a k\- 

The coefficients otk may not be unique, since [dhk] span but may not be inde¬ 
pendent; but we can take the infimum over all choices of ak, which is determined 
by the classes [dhk], [d/3] € H 1 ( E; R), which depend in turn only on the choices of 
fundamental domain D and generating loops [71 ],..., [7^]. □ 

Thus the oscillation of h(t) is bounded topologically, hence independent of t. 
The bound on osc/3 follows. □ 

Theorem 15. Suppose the smooth blow-up Eoo is zero-Maslov. Then its La- 
grangian angle is uniformly bounded on any time interval of the form (—00, to]. 


max/(t) < max/(0) + max ft(t) — minft(0) 


min/(f) > min/(0) + minft(t) — maxft(0) 
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The proof of this result involves the use of the fact that the Lagrangian angle 
satisfies the heat equation. We use a conjugate heat kernel (p, t) on Eoo ■ Since 
the smooth blow-up is in general noncompact, the existence of a backward head 
kernel must be justified. Perelman stated |19j and S. Zhang gave a complete proof 
[24] that under geometric convergence, if >kfc is the conjugate heat kernel for a se¬ 
quence of geometrically converging Ricci flows (M k , gk(t),p k ) —> (Moo, <7oo(t),Poo), 
that is if: 

~ ^Sk(t) + Lt(9k{t))^ Uk =0 
lim Uk(t) =S Pk 

t/'to 

then the 4 /a, subconverge on compact domains to a conjugate heat kernel \koo on 
(Mqo, goo(t),Poo) with center (pooflo)- Zhang’s proof is stated for the Ricci flow, 
but it relies only upon estimates of Chau-Tam-Yu which hold for evolving metrics 
in general (3] . The convergence given by Theorem |8] in particular implies Cheeger- 
Gromov convergence for the one-parameter families (Sfc, <?fc(i),i3fc)- We state the 
theorem in detail: 



Theorem 16 (Zhang’s theorem for MCF). Suppose Fk : ( Mk,Pk ) x [a,w] — > 
( Nk,hk,Xk) are a sequence of mean curvature flows converging geometrically to 
Foo : (MocPoo) x [a, w]-> (TVoo,/ioo). Let t 0 £ [a,uj]. Let g k {t) = F k (t)h k and \k fc 
be conjugate heat kernel at (pkfl o), i.e. solve minimally: 

m {(-i-WI*.! 1 )*- o 

lim 'k(i) =6 Pk 

V t/'to 

If 4>k : (Wk,Poo) (■ Mk,Pk) are the convergence embeddings, then 4^ = 4/a o f> k 

converge on compact domains to ^oo* to the conjugate heat kernel at (pooflo)- 


Chau-Tam-Yu’s estimates guarantee that, at each time, the conjugate heat kernel 
decays fast enough at (spatial) infinity to justify integration by parts against any 
function which at most polynomial (spatial) growth. In particular: 

Proposition 17. Let f £ C°°(M x [a, w]) be a smooth function on a mean curvature 
flow Ft : M x [a, u>\ R m + ra with at most polynomial growth at each time. If u is 
a conjugate heat kernel, then the u-weighted integral of f evolves according to 

j t J m f{t)u(t) dvol(t) = - A )f(t)u(t) dvol(t) 

Proof of Theorem\15[ Let fl be the Lagrangian angle of the original flow E(t). By 
the maximum principle above, osc fl is uniformly bounded in time. Since the La¬ 
grangian angle is scale-invariant, this means that osc floo is also uniformly bounded 
in time along the flow Eoo. 

Pick any p 0 £ Eoo- Let fy( p to )(t, y) be the conjugate heat kernel along the flow, 
centered at poflo- Since fl 0 0 satisfies the heat equation, we have by Proposition [T71 
that 

f /3oo(/)^( P0 ,i 0 )(/)d7/ m = floflpoflo) 


(43) 
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Therefore we define the function (for t < to), Poo(t) = Poo if) — Poo{poflo), which 
has //3 oo (t)4'( P0: ito )(f, y) dvol(i, y) = 0. In particular, for each t, min/3 00 (t) < 0 < 
maxPoeit). 

But then max^ oc (t) < osc/3 00 (t) = osc/3oo(t), which is uniformly bounded. 
Similarly, min p^ is uniformly bounded. So p^ is bounded uniformly in time. But 
/Sqo differs from P^ by a constant, so poo is uniformly bounded on (—oo,to]. □ 


5. Blowing Down Zero-Maslov Solutions 


In this section we will establish the following theorem 

Theorem 18. Suppose the smooth blow-up is zero-Maslov. Then any blow-down is 
a union of special Lagrangian cones L\, ..., Lpj. Moreover, the convergence respects 
the Lagrangian angle in the sense that if 9\,... ,9^ are the angles of the special 
Lagrangian cones, we have 

hm f /(exp(i/3 00 ))</>d'H m = V/(exp(i6» :; ))m J /i J (</>) 

k j 

for every continuous function / : S' 1 — » R and every compactly supported continuous 
function <fi on C m , where irij and fij are the multiplicity and measure associated to 
the special Lagrangian cone Lj. 

The proof of this theorem proceeds along the same lines as Neves’ Theorem m 


Proof. By Theorem |T5l the Lagrangian angle poa is uniformly bounded on x 
(—oo,0]. Therefore, using Proposition |TT] the quantity 

(44) B(t)= f Ple (0 , 0) (t)dH m 

•lEoo(t) 

is uniformly bounded for t € (—oo, 0]. 

Because the smooth blow-up L ^ is noncompact, we use the Huisken’s kernel 
^(o,o) t° weight all integral estimates. It satisfies the following 


Proposition 19 (kernel property of 9). IfT,(t) is a mean curvature flow and f is 
a smooth scalar function, then 


d 

dt 




H 


1 


2 (T - t) 


(a 


zo) -1 


fO(xo,T) 




Since floo satisfies the heat equation, 

a 

(45) -/^-A/^ = -2|V/? 00 | 2 = -2|If| 2 

and applying Proposition 1191 we have 


dt 


B(t) = -2 


\H\ 2 0 m dH 




P 2 

P'0 


E»(t) 


H — —x 


2 1 


(46) 


0(0,0) d n m 
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Thus B(t) is monotone, and constant precisely along minimal self-shrinkers, i.e. 
minimal cones. 

On the other hand, for any a < b < 0 and compact K C C m , we have (as in 

ED) 

(47) 2/ [ \H\ 2 e {0fi) dH m dt<B(e- 2 a)-B(e- 2 b) 


Now taking the limit in j, since B(t ) is monotone and bounded, both B(e ■ 2 a) 
and B(eJ 2 b ) approach the same limit. So 

(48) lim [ [ \H\ 2 9m o) dH m dt = 0 

j Ja JslcWnK 


In particular, for almost all t € [a, b] we have 


(49) lim/ \H\ 2 d {m dH m =0 

j J?.L{t)CK 

. By a similar argument to that in the proof of Proposition 5.1 of [14] . this shows 
that E^ is a union of special Lagrangian cones, with convergence of the Lagrangian 
angle functions. □ 


Since by Theorem A every type II smooth blow-up is zero-Maslov, Theorem 1181 
immediately implies one of our main theorems: 

Theorem B. All type II singularities are modeled by special Lagrangian cones. 


6. Type I singular times 


In this section we will establish a converse to the first clause of Theorem A, 
namely 


Theorem C. Suppose L(0) is a compact Lagrangian with ker[h] = 0 and finitely- 
generated first homology, generated by 71 ,..., 7 *,. Then a type I singularity of the 
Lagrangian mean curvature flow starting from L{ 0) can only occur at one of 


T\ 




This theorem extends work of Groh-Schwarz-Smoczyk-Zehmisch and Neves from 
the monotone surface case to the general case. 


Theorem 20 ( [10] |16j). A singularity of an embedded normalized monotone La¬ 
grangian mean curvature flow which occurs at time T < 4 must be of type II. 

Proof of Theorem C. Suppose T is not one of the cohomologically prescribed times. 
Then by Theorem A, no cycle survives. Therefore the smooth blow-up Eqo is zero- 
Maslov. Thus as before, its blow-down must be a minimal cone. 

On the other hand, since the smooth blow-up of a type I singularity is self¬ 
similar, the blow-down is the same as the smooth blow-up. Therefore the smooth 
blow-up is a nonflat smooth minimal cone, which is a contradiction. □ 
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Grayson |J9] completely characterized the singularities of embedded curve-shortening 
flow in the plane: starting from an initial curve T C R 2 , which bounds an area A, 
the flow terminates at time in a “round point”. In subsequent papers he consid¬ 
ered the case of index-zero curves, showing that their singularities are all modeled 
by the “grim reaper” curve y = log cos x. Consider the product Id x • • ■ x T m C C m , 
where each Id is an embedded plane curve. Then Grayson’s result says that a sin¬ 
gularity will occur exactly at time T = min where Ai is the area bounded by Id; 
moreover the singularity will be modeled by a product whose factors arc R or S 1 , 
with the S 1 factors coming from those curves bounding the least area. Theorem C 
can be viewed as an extension of this result. 

In the case of a product of embedded curves Tj x x T m , singularities happen 
because one factor collapses before the others. One might suspect this is the case 
in general: 

Conjecture 1 . In Theorem C, a type I singularity can only occur at the first of 
the candidates Ti. 


7. Minimal SBUs 

Recall the almost-calibrated clause of Neves’ theorem on zero-Maslov singulari¬ 
ties: 

Theorem |T| ([IT]). //S( 0) is almost-calibrated, that is, i/cos/3 > e > 0, then any 
tangent flow is a minimal cone with a single Lagrangian angle. 

Neves posed the question of whether, in fact, the smooth blow-up of such a 
singularity is minimal. We have an affirmative answer: 

Theorem B’, first clause. If the initial data are almost-calibrated, then any 
smooth blow-up is a smooth special Lagrangian. 

Proof. Neves’ argument gives a tangent flow with a single Lagrangian angle. Thus 
the Lagrangian angle /3°° must at each time asymptotically approach (3q at spatial 
infinity. But /3oo also satisfies the heat equation, so it can have no spacetime interior 
local minima or local maxima. 

Thus we must have /3°° = /3o, so that |I?oo| = |/ioo| = \d/3°°\ =0. □ 

Similarly, in the dimension two case of a monotone flow with a premature sin¬ 
gularity, Neves showed 

Theorem [2] ([16]). Suppose m = 2, £(0) is monotone [A] = C[h], and T < If. 
Then any tangent flow is a minimal cone with a single Lagrangian angle. 

Theorem A says that in case of a premature singularity, the smooth blow-up is 
zero-Maslov. So we can use the above proof to obtain: 

Theorem B’, second clause. Under the hypotheses of Theorem [H any smooth 
blow-up is a smooth special Lagrangian. 

8. Some Questions 

8.1. Singularity type and embeddedness. In general, high-codimension mean 
curvature flow does not preserve embeddedness. In the Lagrangian case, we can 
relate embeddedness to A and h as follows. 
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Viterbo [22] showed that, for any Lagrangian embedding L : £ m —> C m of a 
closed manifold £ which admits a metric of negative curvature, there is at least one 
cycle 7 with (in our notation) /1.7 = 2 n and A.7 > 0. In particular this includes all 
closed surfaces of higher genus. Viterbo’s proof also holds for £ = T 2 . 

Remark 10. Polterovich [20] gave related results following Gromov’s famous work. 
For a summary of how these results are related, see the introduction by Oh El- 

Definition 8 . We call any cycle with h. 7 = 2tt and A.7 > 0 a Viterbo cycle. Given a 
Lagrangian surface evolving by mean curvature with embedded initial data, define 
A+ = maxA(0)-7 and A - = minA(0).7, where the maximum and minimum are 
taken over all Viterbo cycles. 

Proposition 21. £(t) cannot remain an embedding past time Ti mm = 37A + . 

Proof. This proposition follows from Viterbo’s theorem and the fact that, for any 
Viterbo cycle 7, 

(50) A(f)-7 = A(0)-7 — 4nt 

□ 

The similiarities between Proposition[2Hand Theorem C seem to indicate a con¬ 
nection between embeddedness and the type of the singularity. One can think of 
this connection as generalizing the case of plane curves, for which type II singulari¬ 
ties only occur starting from nonembedded initial data. (In the case of an embedded 
plane curve, A + is twice the enclosed area, so for curves, Proposition [5T] is part of 
Grayson’s Theorem.) 

Conjecture 2. A Lagrangian mean curvature flow with embedded initial data which 
becomes immersed before the singular time must have a singularity of type II. 

8.2. What are the minimal smooth blow-ups? Neves m has produced ex¬ 
amples of Lagrangian surfaces in C 2 whose singularities are of type II, and hence, 
have tangent flows whose supports consist of transversely-intersecting planes. His 
examples are given by rotating a curve y(s) C C: 

(51) L 7 (r, s) = (cos(r)7(s), sin(r)7(s)) e C 2 

It is a computation to see that the zero-Maslov condition requires the tangent 
flows given by Theorem [T] to be L 7o , where 70 is the union of two lines intersecting 
at an angle of The smooth blow-up in Neves’ examples is given by rotating an 
hyperbola asymptotic to these lines. 

Question 1. When m = 2, is every minimal smooth blow-up of the form Lj for 7 
an hyperbola? 

8.3. Are all type II singularities modeled by steady solitons? The fact 
that type II smooth blow-ups are all eternal exact, zero Maslov solutions imposes a 
significant constraint on their geometry. The natural conjecture is that, just as type 
I smooth blow-ups are shrinking solitons, type II singularities ought to be steady 
solitons-namely, either minimal or translators. But there has been no progress 
toward this conjecture to date. 

In the case of curves in C, Grayson showed [8] that certain type II singularities 
are modeled by the grim reaper translator. Joyce-Lee-Tsui E have constructed 
translators which are asymptotic to planes; these translators are in fact exact. (It 
is an easy fact that all translators are automatically zero-Maslov.) 
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Question 2. Must a non-minimal smooth blow-wp ust be a Joyce-Lee-Tsui trans¬ 
lator, with asymptotics given by the blow-down cones? 
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